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Abstract: In this article, we study complete convergence theorems for weighted sums of negatively
dependent random variables under the sub-linear expectations. Our results extend the corresponding
results of complete convergence in the classical probability.
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1. Introduction

The complete convergence is a very important research field in probability limit theory.For classical
probability space,it was first introduced by Hsu and Robbins in 1947 as follows:A sequence

{X,,n=1} of random variables converges completely to a constant C if ZPQXn —C\ > g)< o for
n=1

all £>0. After that, many scholars have obtained the complete convergence on other random
variable sequences, for example,wu qun-ying obtained the complete convergence for a sequence of
independent and identically distributed random variables. Wu and Jiang etal gived the complete
convergence and complete moment convergence for negatively dependent random variables sequence.

In the classical probability space, the additivity of the probabilities and the expectations are
assumed. But in practice, such additivity assumption is not feasible in many areas of applications
because the uncertainty phenomena cannot be modeled using additive probabilities or additive
expectations. Therefore in recent years, some scholars began to extend the complete convergence of
classical probability theory to sub-11linear space, for example, Ling obtained complete convergence of
random variables sequence under sub-linear expectation space, Feng reseached complete convergence
for weighted sums of negatively dependent random variables,Yu and Wu resarched the Marcinkiewicz
type complete convergence for weighted sums under sub-linear expectations. Complete convergence
for weighted sums are also important in sublinear expectation space, which can be applied to
nonparametric regression models. The main purpose of this article is to establish complete convergence
theorems for arrays of rowwise negatively dependent random variables under the sub-linear
expectations.

2. Symbol Description
(1) a, << b, denote that for sufficiently large N, there exist C > Osuch thata, <cb, ;

@ | (-)denote an indicator function.;

3) log(x)=max(L Inx).

3. The Basic Definition and Properties of Sub-Linear Expectation Space

We use the framework and notation of sub-linear expectation established by Peng.

Let( , F) be a given measurable space, H be a linear space of real function defined on
(Q, F) ., such that if X, X,,--, X, €H then (p(Xl,XZ,---,Xn)eH for each
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(peC,'Lip(R“), where CI,Lip(Rn) denotes the linear space of local Lipschitz functions ¢
satisfying
lp(x)—ply) < c(1+|x|m +|y|m)x— y v,y eR"

For some C >0,me N depending on ¢ .H is considered as a space of “random variables”. If
X isan element of set H ,then we denote X € H.

Definition 1 A sub-linear expectation E is a function E: H — R satisfying the following
properties: for all X,Y € H, we have

(a) Monotonicity: if X >Y then EX > EY ;
(b) Constant preserving: Ec = forallc e R ;

(c) Sub-additivity: E(X +Y)S EX +EY whenever EX +EY is not of the form+ oo —o0or
— 0+ 00,

(d) Positive homogeneity: E(/%X ) =AEX,41>0.

E is called sub-linear expectation on H. Here R:[—oo,+oo]. The triple (Q, H, E) is
called a sub-linear expectation space.Give a sub-linear expectation E, let us denote the conjugate

expectation E of E by EX = —E(— X), VX e H.
From the definition of E ,we can easily get that for VX,Y e H,
EX <EX, E(X +¢)=EX +¢,[E(X —Y) <E(X ~Y|} E(X =Y )>EX —EY.
For VaeR,if EY =EY ,then E(X +aY)=EX +aEY .
Definition 2 Let G < F,afunction V :G —[0,1] is called a capacity if :
@V(¢)=0, V(Q)=1,
@V (A)<V(B) for VACB,ABeG.

It is called to be sub-additive if V(AUB)<V(A)+V(B)forall A BeG with AUBeG.
Let (Q, H, E)be a sub-linear expectation space ,and E be the conjugate expectation of E. We
denote a pair (V ,V) of capacities by

V(A)=infEE: 1(A)< &, EeH) V(A)=1-V(A°) VAEF |
where A° isthe complement setof A

It is obvious that Y is sub-additive and
V(A)<V(A) YAeF V(A)=E[I(A)]} v(A)=E[I(A)] 1(A)eH
if f<1(A)<g,geH,then
Ef <V(A)<Eg, Ef <v(A)<Eg
This implies Markov inequality: ¥X & H,V (|X|> x) < Eﬂx|p) 5. 9X>0,p>0 from
1(X|=x)<|X|” /xP eH.
Next we introduce some important inequalities in sub-linear expectation spaces.
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1 1
(1)  Jensen inequality: (E|X|r} < (E|X|S)g, X eH,VO0<r<s.

1 1
(2)  HO Ider inequality: E|XY| < EQX|pFEQX|q)a,VX,Y eH,l.,.lzl
Y

q

(@ C, inequality: E|X, + X, +-+ X, |  <c, (E[X +E[X,| +-+EX,[}

r

1, O<r<i1
whereC, = e rs1

Definition 3 Choquet integral is defined y : C, (X ) = J:OOV (X >t)t+ .[_Ow V(X >t)-1)pt

Definition 4 (identical distribution)let X;, X, be two N -dimensional random vector defined

respectively in sub-linear expectation space (Ql,Hl,El)and (QZ,HZ,EZ).They are called

eidentically distributed,denoted by xlix2 it Efp(X)]= Efp(X,)lVoeC, ,(R") A

d
sequence {X,,N>1}of random variables is said to identically distributed if X, =X, for each

i1>1.

Definition 5 (independence) In a sub-linear expectation space (Q,H, E) ,a random vector
Y = (Yl,Y2 v Y, ),Yi € H is said to be independent to another random vector

X =(X,,X5,--+,X,,), X, e Hunder E if for each test function ¢ eC,YLip(Rm XR"),We
have E[go(X, Y)]: E[E((p(X,Y)lX: X] where  p(x):= EQ(p(X,Y))<oo for all X and
E(@(X))<eo.

Definition 6 (Negative dependence) In a sub-linear expectation space (Q,H, E),a random vector
Y = (Yl,Yz,---,Yn) , Y, eH is said to be negatively dependent to another random vector

X =(X,,X5,--+, X)), X; € Hunder E if for each pair of test function ¢, eClyLip(Rm)and
0, EC,'Lip(Rn),We have E[(ol(X )¢2(Y)]S E[([)l(X )] E[(DZ(Y)],Whenever either ¢ and @,are
coordinate-wise non decreasing or ¢, and @, are coordinate-wise non increasing with

(%20 Elp,]20 Elo0 (0 l< Ela(x)]<z Eletil<

Definition 7 (Negative dependence random variables)Let {X N2 1} be a sequence of random
variables in the sub-linear expectation space (Q,H, E). X, X,,---are said to negatively dependent
if X,,, is negatively dependent to (X, X,,-++, X, )for each 1>1.

It is obvious that,if {Xn,n 21} is a sequence of independent random variables and
f,(x), fz(x),---eC,'Lip(R) then {f (X,),n>1}is also a sequence of independent random
variables ;if {X,,n>1}is a sequence of negatively dependent random variables and f,(X), ,(X)

€ C,'Lip(R)are non-decreasing(resp. non-decreasing)function,then

{fn (X,),n=> 1} is also a sequence of negatively dependent random variables .
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Definition8 An array of random variables {X ;,1<i<Kk_ ,n>1} in the sub-linear expectation

space (Q, H, E)is called rowwise negatively dependent random variables if for every given n=>1,
{X 1< Skn}is a sequence of negatively dependent random variables in (Q,H, E). Where

ni?
{kn ,nN> 1} is a sequence of positive integers and K, —o0,N — 0.
4. Main Result

In order to prove our result,we need the following lemma:

Lemma Let {X 1<i<n,n> 1}is an array of rowwise negatively dependent random

ni’

variables , EX ; = 0 .Assume that : rEizz%(|Xm| = O((Iog n)’l), .Z:: EXZ = O((Iog n)’l),then for any

g>o,iv[ixm >8]<oo.

n=1 i=1

1<i<n,n> 1} is an array of rowwise negatively dependent random

ni!

Theorem Let {X

variables in the sub-linear expectation space (Q, H, E) Assume that there exist a random variable
X € Hand a constant C satisfying

E(h(X,;))< cE(h(X)) &)

foralln>11<i<n0<heC . (R).
E(x])<c, (X])<e @
Let {a,1<i<n,n>1}isan array of positive real numbers satisfying
Zn:ani = O(n‘7 ) @A)
=
for some y >0 ,and
Zn:a,fi EX?g(a, X logn)= o((logn)’l) (4)
=

Then for any & > 0 ,any positive integer numberb ,by >1,

iv(iani(xni_Exni)|(|anixni|3%j>6j<oo (5)
n=1 i=1
iv(iani(xni _éxni)l(|anixni|3%j<—6j<00 (6)
n=1 i=1

1£i£n,n21}in formula (5) with {—X 1si£n,n21} to get

1<i<n,n> 1} is an array of rowwise negatively dependent random variables,

Proof We replace {X
formula (6). If {X
then {— X
Therefore we just need to prove formula (5). Without losing generality, we assume that EX, = 0.
Forn>1and1<i<n, we define

ni? ni?
ni’
1<i<n,n Zl}is also an array of rowwise negatively dependent random variables.

ni’
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X, @)=X, IQame\ < (Iogn)‘1)+a (logn)™I(a, X, > (logn)™ — (Iogn)‘ll(anl . <—(logn)™),

Xni (2): (xni _ar:il(logn)_l)l ((Iogn)_l < a‘nani < B’
X (3)=(X, +a’l(logn)’l)l(——<a X <—(logn)™,

X (4)= —a(logn)™I(a, X, > E) +at(logn)t(a, X, < _%)’

It is obvious that anixml(| Xl < b} a; X, @0)+a, X, (2)+a,X,;(3)+a,X,(4).

Therefore we have

iv(iamxm | (Iamxml < fj > 4gj
< Zv(Zamxm @ > gj +iv(§n:amxm (2)> gJ

n=1 i=1

(o

+ZV(Zan.Xn. (3) > gj +iv[ a_ X, (4)> gJ :

n

According to definition 8, we can easily know {anani (1)}is an array of rowwise negatively
dependent random variables.

We define a function g(x) (R) for 0< u<1as follows:0 < g( )<1for any X .When

I,Lip
|X| <u, g(X)zl; when|X| >1, g( ): 0. And then we have

(X <) <g(x)<1(X <D, 1(X>D <1-g(x)< (x> ). (7)
According to (7)and C, inequality,we have
E(X,@]") << E(X| g(ua, X logn)) +&; (logn) " E(-g(a, X logn))

< E(X| g(ua, X logn)) +a, (logn) "V (a, X| > u(logn)™) ®

Next we above prove ZV (Z a,; X, (D> 8j < 0.

n=1 i=1

From Markov inequality and formula(1)(2)(3)(4)(8), we have

> Eay (X @~ EX, ) <3 a%E@X40) +2(EX,, 0))

<CE(X, ()" <Zan.Ex 942, X logn) + (logn)” 22V(|an.><|>u(logn) )

<<o(logn)™) + (Iogn)‘lzn: a;E(X])

<o((logn) ™) +(logn)**O(n")C, (X|) =o((logn) *).
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Therefore from lemma we have ZV (Z a, ()(ni () -EX . @) > gj <.

n=1 i=1

Because if

Zani EX. (l)‘ — 0,n — ooiis proved,then ZV (Z a; X, 0> gj < oo/ proved.

i=1 n=1 i=1

Next we prove

ZamEXm(l)‘—m,n—mo.

i=1

Zn:ani EX, (1)‘ = Zn:am(EXm M) -EX,)

<D a,ElX,y ~ X @] << D8, E(X|(0- g(a, X logn))
<3a,E(X|@-g(a,X logn)

<< iamE|X| < CO(n’V)—> 0.
i=1

Thus ZV (Z a; X, (> gj < oo s proved.

n=1 i=1

Next we prove ZV [Z a, X, (2)> gj <.
n=1 i=1
£

From X, (2)=(X,, —a;*(logn) ™)1 ((logn)™ <a, X, < =

we can obtain 0<a X, (2) << —

Zame (2) > £ .1t means that there

ni ni

exists at least one positive integer so that Xni (2) #0.

Therefore, from Markov inequality and formula (1)-(4),we can obtain

V(Zn:amxm(Z) >gjg S V(X %0, X, (2)%0)

1<k <--<ky<n
_1)

< Y V(a X2
< > E((l—g(anklxIogn)--~(1—g(ankaIogn))

1<k, <+ -<ky<n
1<ky <+ -<ky<n

< >, E@-g(a,Xlogn))-EL-9g(ay, X logn)

1<k <---<ky<n

nky,

<(> E@-g(a,X logn))’

i=1
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<(X V(layX| > u(logn) )y

<<((Iogn>iamE(l><| >j

<< (tognynE(X))
<c((logn)(n 7)Y

From yb>1, ZV (Z a, X, (2)> g] < o0ois proved.

n=1 i=1

0 n
By the same methods as the ZV [Z a, X, (2) > 8} < 00 ,we can get

n=1 i=1

iV(Zn:ame 3> gj <o

Finally we prove ZV (Z a, X, (4)> EJ <.

n=1 i=1

From
X(4)=-a,t(10gn) 1 (@, X, > 1)+ 2, (10gn) 1 (@, X <),
we obtain

B &\ _¢& :
a, X, (4)< (logn)™I (ay X | > E) < b’ thus there are at least D subscripts i so that

&
|ani X ni| > B ,Therefore ,from Markov inequality ,formula (1)-(3)and(6),for b > 1,we can obtain

ZV[Za"'X”'(4)>5j<<Z;(ZE(1 JoX “'/b Jb

o0

Z(Zv (x> gﬂ/bjb

n=1

n=1

i(zamE|X|(8ﬂ/b) j

<< i(E|X |O(n‘y)) <o

n=1

Therefore ZV (Z a,; X, (4)> 5) <0,

n=1 i=1

So far, the theorem is proved.
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