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ABSTRACT. It is possible, in many purchase settings that a buyer can split a production 
award between suppliers. In this paper, I tried to introduce a split-award auction model 
with endogenous split choice. Then I discussed the equilibrium outcome of this model. 
By analyzing the properties of the equilibria and comparing the equilibria with a 
sole-source outcome, I arrived at the conclusions showing that the buyer would prefer a 
split-award auction to a winner-take-all auction because of the efficiency that a 
split-award auction can offer. 
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1. Introduction 

Government purchase is an interesting phenomenon for social scientists. Actually 
buyers are always willing to minimize the purchase cost while suppliers are thinking of 
maximizing their profits. Based on Microeconomics benchmark, the dual problem can 
be solved easily by optimization process. However, when suppliers are more than one in 
the market, there would be other ways to bring efficiency, fairness and product quality. 
Auctions are widely used to solve such problems, for which auctions are used to award 
contracts for a variety of product and service requirements in the public and private 
sectors. These auctions can result in a sole-source award, in which a single producer 
provides all of the required production, or in a split reward, in which production is 
divided between two or more firms. It is very interesting to question which one is better, 
not only for the efficiency site, but for the Pareto efficiency as well. In order to get the 
answer to the question, I focus on the papers about these two kinds of auctions and tried 
to get an efficient way to modeling them and get a satisfied answer. 

Actually Wilson (1979), Bernheim and Whinston (1986) have researches on auctions 
and they did focus on the winner-take-all auctions with the sole-source outcome. Ely 
(2001) has talked about the revenue equivalence with endogenous choice model which 
just matched the assumption of model I would focus on. Anton and Yao (1989) discussed 
the split-award auctions and give me a lot of essential information on the model, for 
which the Anton and Yao (1989) is the paper I would talk most about. For extension 
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works, I also went through Jehiel and Moldovanu (2001) for the information about 
revenue maximization and multi-subject auctions. The paper of Anton and Yao (1989) 
was cited by the paper Klemperer (1999). I found that paper when decided to focus on 
the auctions, this paper gives me a clear implication of different articles through different 
time periods.  

In this paper, I plan to give four main parts. Part II is the model foundation and basic 
idea of equilibrium we can get from the model. Part III is derivation of the equilibrium 
and efficiency of this equilibrium compared with sole-source outcomes. This part also 
includes a few extension works on the model. Part IV is a brief introduction on the 
implications of the model. 

2. The Model 

A buyer, say, the government, must purchase a given quantity of x units. There are 
two potential suppliers: developer D and second source S; any division of x between the 
suppliers is feasible. The buyer is going to complete cost-minimization while suppliers 
are going to complete profit-maximization. In the split-award auction, each player 
submits a sealed bid that specifies prices for varying splits of the total award of x. In this 
paper, to simplify the notation, all variables are in terms of the share of x that is awarded 
to one of the bidders.  

Letting α ∈ [0,1]  denote the share of x that supplier D produces, a bid is a 
function 𝑃𝑃𝑖𝑖: [0,1] → ℛ. Since then, a split of α implies that for a pair of bids, (𝑃𝑃𝐷𝐷,𝑃𝑃𝑆𝑆), D 
produces α𝑥𝑥 units for a payment of 𝑃𝑃𝐷𝐷(𝛼𝛼), while S produces (1 − α)𝑥𝑥 units for 𝑃𝑃𝑠𝑠(𝛼𝛼). 
In this case, bids are not restricted to a continuous condition, which means not 
necessarily differentiable. The costs of the suppliers at an arbitrary α ∈ [0,1] are given 
by 𝐶𝐶𝐷𝐷(𝛼𝛼) and 𝐶𝐶𝑠𝑠(𝛼𝛼). These cost functions are interpreted as the expected present 
discounted value of all costs incurred by a bidder, conditional on the split α. Since then, 
the profits can be written as following: 

Π𝑖𝑖(α) = 𝑃𝑃𝑖𝑖(𝛼𝛼) − 𝐶𝐶𝑖𝑖(𝛼𝛼), 𝛼𝛼 ∈ [0,1], 𝑖𝑖 = 𝐷𝐷, 𝑆𝑆. 

We assume that 𝐶𝐶𝐷𝐷(0) = 0 and 𝐶𝐶𝑆𝑆(1) = 0. Since none of the suppliers can get a 
positive payment from zero production, we can set 𝑃𝑃𝐷𝐷(0) = 0 and 𝑃𝑃𝑠𝑠(1) = 0. What is 
more, there should be a restriction that 𝑃𝑃𝑖𝑖 ≥ 𝐶𝐶𝑖𝑖 for each bidder. This restriction rules out 
equilibrium payoffs that are supported by threats involving negative profits. Also 
suppliers are having the information of all costs when they bid. This assumption allows 
us to abstract. from complications associated with uncertainty about relative costs. The 
assumption does not appear to be essential to the qualitative results of the model, I will 
extend this problem later in this paper. The joint cost function can be written by the 
following: 

𝐵𝐵(α) = 𝐶𝐶𝐷𝐷(𝛼𝛼) + 𝐶𝐶𝑆𝑆(𝛼𝛼), 𝛼𝛼 ∈ [0,1] 
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Given the cost functions, the joint cost function as defined by B provides a simple 
cost-efficiency criterion for comparing various splits, which means that, when 𝐵𝐵(α) <
𝐵𝐵(𝛼𝛼�), there must be a reallocation such that all parties would benefit from a change from 
the split 𝛼𝛼� to the split α. Given a pair of bids, (𝑃𝑃𝐷𝐷,𝑃𝑃𝑆𝑆), the buyer determine the outcome 
of the split-award auction. Say, the total payment by the buyer at an arbitrary split of α 
is given by the following: 

𝐺𝐺(α) = 𝑃𝑃𝐷𝐷(𝛼𝛼) + 𝑃𝑃𝑆𝑆(𝛼𝛼), 𝛼𝛼 ∈ [0,1] 

To minimize the cost of purchase, buyer selects a split result α by choosing the 
optimal level of α: 

α ∈ argmin𝛼𝛼∈[0,1]{𝐺𝐺(𝑎𝑎)}  (1) 

In (1), without any information about suppliers’ costs, the buyer is making 
comparison between the submitted prices before and after. When there’re ties, which can 
lead to an award choice from (1) that is not unique, in order to break the tie, we have 
regulate that in the case where there’re ties, α has to be chosen randomly from among 
those splits in the set  argmin𝛼𝛼∈[0,1]{𝐺𝐺(𝑎𝑎)}  with the smallest  B(α)  value. Since a 
lower-cost bidder will avoid a tie by reducing his bid by a small amount, then the 
procedure above mimics the outcome that occurs when bid prices are discrete instead of 
continuous. In order to make both suppliers produce a positive amount, I added a restrict 
that α ∈ (0,1) and not equals to 0 or 1. 

In this model, Nash equilibrium is a pair of bids, (𝑃𝑃𝐷𝐷∗ ,𝑃𝑃𝑆𝑆∗), that are mutual best 
response for the suppliers. If the equilibrium α satisfies (1) and the regulation of 
tie-breaking, then it is an equilibrium outcome. The best-response property provides that 
none of the bidders could increase her profits above their realized values of profits as 
following: 

Π𝑖𝑖∗(α) = 𝑃𝑃𝑖𝑖∗(𝛼𝛼) − 𝐶𝐶𝑖𝑖∗(𝛼𝛼), 𝑖𝑖 = 𝐷𝐷, 𝑆𝑆 

Supplier can take her opponent’s bid as given by altering 𝑃𝑃𝑖𝑖∗. Actually, by raising her 
price at 𝛼𝛼∗ and by lowering her price at some 𝛼𝛼�, a bidder can try to induce the buyer to 
select 𝛼𝛼�, indeed, a bidder can change the prices at many splits simultaneously by altering 
a bid. Let the following denote the equilibrium purchasing price: 

𝑔𝑔∗ = G(𝛼𝛼∗) = 𝑃𝑃𝐷𝐷∗(𝛼𝛼∗) + 𝑃𝑃𝑆𝑆∗(𝛼𝛼∗) 

A number of economic situations are consistent with the above model. These 
situations are specified by describing the factors that determine costs for each bidder. 
Actually, by the study of costs, when the determination of 𝐶𝐶𝐷𝐷 and 𝐶𝐶𝑠𝑠 is too complicated, 
the equilibrium structure of a split-award auction is completely determined by the joint 
production cost of the suppliers. 
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3. Equilibrium Bids 

3.1 Calculation of equilibrium bids 

A necessary condition for a particular split to be an equilibrium outcome is that the 
price of purchase for these split equals each other of the sole-source prices.  

Lemma 1 (Price equivalence). If choice bundle (𝑃𝑃𝐷𝐷∗ ,𝑃𝑃𝑆𝑆∗) is a Nash equilibrium for 
this model, and let 𝑔𝑔∗ be the associated total price to the buyer. Then, the equilibrium 
bids satisfy the following: 

𝑔𝑔∗ = 𝑃𝑃𝐷𝐷∗(1) = 𝑃𝑃𝑆𝑆∗(0) 

If “Lemma 1” fails to hold, then one bidder’s sole-source price is strictly greater 
than 𝑔𝑔∗. The other bidder can increase her profit by raising all of her bid prices slightly 
without change the original choice of buyer at 𝛼𝛼∗. As a result, the buyer is always 
indifferent with respect to at least two outcomes in equilibrium; and at least three 
if 𝛼𝛼∗ ∈ (0,1), a split-award outcome. 

3.2 Efficiency and sole-source outcomes 

If the outcome turns to be a sole-source award, then one supplier produces all 𝑥𝑥 units, 
and the joint cost turns to be the cost of the only supplier with a lower cost as following 

�
  𝐵𝐵(0) = 𝐶𝐶𝑆𝑆(0), 𝛼𝛼 = 0

  𝐵𝐵(1) = 𝐶𝐶𝐷𝐷(1), 𝛼𝛼 = 1
 

Generally saying, bidder D has a lower cost with the sole-source outcome, then we 
have the proposition as following: 

Proposition 1. Suppose 𝐵𝐵(1) < 𝐵𝐵(0). Then 𝛼𝛼∗ = 1 is an equilibrium outcome, and 
D is the sole-source supplier. If 𝐵𝐵(1) < 𝐵𝐵(α) for ∀α ∈ [0,1), then 𝛼𝛼∗ = 1 is the unique 
equilibrium outcome. Equilibrium bids satisfy the following rules: 

𝑔𝑔∗ = 𝐵𝐵(0) = 𝑃𝑃𝑆𝑆∗(0) = 𝑃𝑃𝐷𝐷∗(1) 

Π𝐷𝐷∗ = 𝐵𝐵(0) − 𝐵𝐵(1) 

Π𝑆𝑆∗ = 0 

It’s easy to understand that the sole-source supplier who wins the total award has a 
lower cost while higher-cost supplier loses with zero profit. At the same time, buyer pays 
the total price equals to the production cost of the higher-cost supplier. The buyer daces 
the same price at the outcomes of 0 and 1, and since 𝐵𝐵(1) < 𝐵𝐵(0), then the regulation of 
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tie-breaking selects α = 1. Particularly, as assumed in Proposition 1 that 𝐵𝐵(1) < 𝐵𝐵(0), 
bidder D can always offer a sole-source price that is arbitrarily close to 𝐵𝐵(0). Also when 
no cost advantage exists, such that 𝐵𝐵(1) = 𝐵𝐵(0), then a coin toss decides between 𝛼𝛼∗ ∈
{0,1}, and the buyer purchases 𝑥𝑥 at the production cost. 

We can observe that from Proposition 1, a sole-source outcome is a unique 
equilibrium no matter if sole-source production is efficient. Proposition 1 also shows that 
a sole-source equilibrium exists regardless of the structure of the joint production costs 
at split-award outcomes α ∈ (0,1). As a result, each bidder can unilaterally deny any 
interior split by submitting a higher price relative to sole-source price for that split. So 
sole-source outcome might be efficient yet the fairness has not been checked. 

Through the above analysis, I could conclude that the split-award outcomes are 
always more efficient than the sole-source outcome. 

3.3 Implicit price collusion and split-award outcomes 

Begin with this analysis based on the condition that a split-award is an equilibrium 
outcome. Also a split-award is efficient relative to a sole-source outcome when 𝐵𝐵(α) ≤
𝐵𝐵(1), which is also the sufficient and necessary for α to be an equilibrium outcome. 

Proposition 2. Let 𝑁𝑁 = {α|𝐵𝐵(α) ≤ 𝐵𝐵(1), 0 < α < 1} be the set of outcomes for 
which joint production costs are less than sole-source production costs. Then, N is the set 
of split-award equilibrium outcomes. 

Proposition 3. Let 𝛼𝛼∗ ∈ 𝑁𝑁 = {α|𝐵𝐵(α) ≤ 𝐵𝐵(1), 0 < α < 1}. If (𝑃𝑃𝐷𝐷∗ ,𝑃𝑃𝑆𝑆∗) is a Nash 
equilibrium with 𝛼𝛼∗ as the equilibrium outcome, then we have the following conditions. 
First, as the total price to the buyer at 𝛼𝛼∗,𝑔𝑔∗ satisfies the following: 

  𝑔𝑔∗ ∈ [𝐵𝐵(0),𝐵𝐵(0) + 𝐵𝐵(1) − 𝐵𝐵(𝛼𝛼∗)] (2) 

Second, as the profit of S at 𝛼𝛼∗,Π𝑆𝑆∗ and Π𝑆𝑆(0) satisfy the following: 

 Π𝑆𝑆∗ ∈ [𝑔𝑔∗ − 𝐵𝐵(0),𝐵𝐵(1) − 𝐵𝐵(𝛼𝛼∗)] (3) 

Π𝑆𝑆(0) = 𝑔𝑔∗ − 𝐵𝐵(0) (4) 

Third, as the profit of D at 𝛼𝛼∗,Π𝐷𝐷∗  and Π𝐷𝐷(1) satisfy the following: 

Π𝐷𝐷∗ = 𝑔𝑔∗ − Π𝑆𝑆∗ − 𝐵𝐵(𝛼𝛼∗) (5) 

Π𝐷𝐷(1) = 𝑔𝑔∗ − 𝐵𝐵(1) (6) 

Furthermore, there is an equilibrium for any 𝑔𝑔∗,Π𝐷𝐷∗  and Π𝑆𝑆∗ that satisfy conditions 
(10)-(14). 

From the above, we can see that Proposition 3 establishes the range of payoffs that is 
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associated with a given split-sward equilibrium outcome. As the price to 
buyer, 𝑔𝑔∗determines the joint profits Π𝐷𝐷∗ + Π𝑆𝑆∗; and in this case, 𝑔𝑔∗ accompany with 
division of the joint profits between the bidders are two degrees of freedom. 

Say, in this case, the buyer price 𝑧𝑧 is greater than 𝑔𝑔𝑚𝑚. From Lemma 1, we know that 
the sole-source bid prices are equal to the equilibrium split price. As a result, every 
bidder must receive a profit of at least 𝑧𝑧 + 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 at 𝑔𝑔𝑚𝑚 , in order to prevent the 
sole-source deviation to a price just below  𝑔𝑔𝑚𝑚 + 𝑧𝑧 . Also in order to prevent the 
sole-source deviation to a just below 𝑔𝑔𝑚𝑚 + 𝑧𝑧 price, joint profits must be at least 2𝑧𝑧 
higher than the joint profits at 𝑔𝑔𝑚𝑚. Since the new split price has only increased by 𝑧𝑧, 
joint profits cannot be 2𝑧𝑧 higher than it at 𝑔𝑔𝑚𝑚, which would lead to a result that there is 
no split-award equilibrium at a price above 𝑔𝑔𝑚𝑚 . Based on the above, we can get 
Proposition 4 as following. 

Proposition 4. Let α∗ ∈ 𝑁𝑁. Then, over the range of equilibrium payoffs at α∗, the 
highest purchase price occurs at the bids that generate the highest individual profits for 
each bidder and the highest joint profits. 

As a result, there is a unique Pareto-efficient pair of payoffs at the equilibrium α∗, for 
which the payoffs involve charging the buyer the highest possible equilibrium prices. 

4. Implications 

4.1 Information considerations 

Earlier in this paper, I clarify that suppliers are fully informed about each other’s 
costs. Actually the assumption of full informed suppliers doesn’t need to be taken 
literally. When suppliers are fully informed, extensive bidding coordination is feasible. 
For instance, in the highest-price equilibrium, each supplier takes her opponent’s cost 
into consideration and then gets her opponent’s incentives. However, the existence of 
collusive split-award equilibria does not depend on the bidders’ information base. 
Consider a two-bidder model in which government purchase is limited to three 
awards {0, 1

2
, 1}, and each supplier has a private cost parameter, θ𝑖𝑖 , drawn from a 

common knowledge uniform distribution on [0.9,1]. If sole-source costs are equal to θ 
and the split cost equals to 4𝜃𝜃 9⁄  for each supplier, so the following exist: 

 𝐵𝐵(
1
2

) < 𝐵𝐵(1) 

Then it is straightforward to verify the following: 

 𝑃𝑃(0) = 𝑃𝑃(1) = 1 
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P �
1
2
� =

1
2

 

And the above is a split-award equilibrium in which both suppliers make positive 
profits and the buyer price exceeds the price that would occur in a winner-take-all 
auction. 

As a conclusion, realistically, split-award auction is an efficient way to solve 
production quality problem. However, as an auction design, it cannot achieve the 
purpose for the buyer, and might be a worst condition in some cases. On the suppliers’ 
site, split-award auction might lead to an equilibrium that really maximized their 
benefits, no matter by efficiency or Pareto efficiency. 
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