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Abstract: In this paper, we study the existence of positive solutions for a class of fractional functional
integro-differential equations with two fractional derivative terms. First, we transform the boundary
value problem into an equivalent integral equation, establish the operator T and prove its full
continuity, then the existence theorems of positive solutions of boundary value problems is established
by using the fixed point theorems of cone extension and cone compression.
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1. Introduction

In recent years, with the further development of the theory of fractional calculus and the application
of fractional differential equations in the fields of automatic control theory, biology and
viscoelasticity[1-2], which has received extensive attention. Most of the mathematical models
established to solve practical problems are completed in an ideal state. It is assumed that the changing
laws of things are only related to the current state. However, in actual problems, the future behavior of
the system depends not only on the current state. At the same time, it may also be affected by the past
state or the rate of state change. Therefore, it is considered that the functional differential equation can
describe the objective world more accurately, and it has a wide range of applications in signal
recognition, economics, physics and other fields[3].

In this paper, we use the fixed point theorem of cone extension and cone compression to study the
following nonlinear fractional functional integro-differential equation boundary value problems with
two fractional derivative terms

CDgi[CD(ffu(t) +h(t,u)]+ f(t,u,Qu(t)) =0,t(0,1),
u(t) = g(t), te[-7,0],
‘DJu(0)=-a, u"(0)=-g(u(%)),
u@ = [ k(s,u(s))ds,

where D¢ is the Caputo fractional derivative operator, O<a<l1,2<p<3,0<&<1, >0,
u =u,(0)=u(t+0), 6[-7,0], geC(R",R"), C,=C([-7,0],R), ¢ € C([-7,0],R"),
#(0)=0, d, =sup [ q(t,s)ds,

0<t<1

(1)

qeC([0,2]x[0,1], R™), C/ ={l//eCl:l//(«9)ZO,t9€[—r,0]}, aeR",
a=h(0,¢), f eC([0,]xC; xR*,R"), Qu(t)=£q(t,s)u(s)ds,

heC([0,1]xC;,R*), k e C([0,]]xR*, R*), R* =[0, +c0).
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For any y e C,, we define norm||y/ || = sup |y/(&)], then C, is a Banach space. We denote

Oe[-7,0]

that E ={u e C[-7,1]:u(0) = 0} and endowed with the norm ||u [|.= sup |u(t)|. then (E,|-||)

te[-7,1]
is a Banach space. And we also denote that E, ={z € C[-7,1]: z(t) =0,t €[-7,0]} and endowed
with the norm || z ||=

sup | z(t) |= Sup | z(t) |, then E, is a Banach space, E, is asubset of E .
te[-7,1] te[0,1

2. Preliminaries

Lemma 2.1 If the function U is the solution of the boundary value problem (1.1), then the function
U satisfies the following integral equation

jG(t s) f (s,u,,Qu(s))ds +EH(t,s)h(s,us)ds+(a—h(0,go))><
t—t/ 1 1
u(t) = F(ﬂﬂ)+t'[0k(s,u(s))ds+(t—t )59(u), teO1), B
o(t), te[-7,0],
where
Slts)—— L t(l—s)‘”ﬂi—(t—s)’”“, 0<s<t<l, @
C(a+p) [tL-s)*7?, 0<t<s<l,

H(t,s)=i tl—s)’ " —(t—s)’*, 0<s<t<l, @

L(p) [t@-s)"*, 0<t<s<l.

Proof: Let u(t) be the solution to the boundary value problem (1.1), then for any t €[0,1], the
general solution of fractional differential equation

°DZ [*D/u(t) +h(t, u)]+ f (t, U, Qu(t) = 0

is given by ‘D2 u(t) ———J- (t—s)** f(s,u,,Qu(s))ds—h(t,u,)+c, . The boundary

condition °D£u(0) =—a , we can obtain that ¢, =h(0,¢p)—a, so

u(t) = —ﬁ j; (t—5)*f (s,u,,Qu(s))ds —ﬁ j; (t—s)”*h(s,u,)ds F
5 rom the
+(h(0,¢)—a)m+cl+czt+c3t2.
boundary condition u(0) = ¢(0) = 0implies that ¢, = 0. Thus,
u(t) = ﬁ) j (t—s)“"1f(s,u S,Qu(s))ds—m j (t—s)?*h(s,u,)ds
B
+(h(0,p)—a) rGD) +C,t+C,t .
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U”(t) - _

1 L oya+p-3 . 1 y
@i i3 [ €=s)“"2 £ (s,u,,Qu(s))ds D

+2¢,.

/2
r(s-1

The boundary condition u”(0) = —g(u(&)), we can obtain thatc, = —M. Thus,

[ (t=5)*h(s,u,)ds+ (h(0, ) —2)

a+ﬂ) t—s)* P f(s,U,, Qu(s))ds—(—ﬂ)j (t—s)"'x

B
h(s,u,)ds+(h(0,p)—a) m +C,t —Etzg(u(.f)).

1
From the boundary condition U(l) = IO k(s,u(s))ds, thus,

C, =

1 a+p-1 L p-1
F(a+ﬂ)j( —s)“#L£ (s,u,,Qu(s))ds + j(1 5)/h(s,u.)ds

r(p) %
~(h0.0)-2) ﬂl 5 +29U(E) + [ K(s.u(s)ds

Thus we can

get that

u(t) =— ra 1 )k j (t—)“# 1 (5,u,,Qu(s))ds - —— j (t—s)"*h(s,u,)ds

r(p)-°
T t+ﬂ)f (AL=9)" " (s,u, QU(S))dS+—j (L-s)”*h(s,u,)ds
+ t-t’ (@a-h(0 (0))+(t—t2)£g(u(§))+tj k(s,u(s))ds When
F(ﬂ+l) ' 2 0 !

:jle(t s)f (s,u, Qu(s))ds+J.lH(t $)h(s,u,)ds +t] k(s u(s))ds

F(ﬂ 1)(a h(0,¢)) +(t— t) g(u(s)).
te[-7,0], u(t) =o(t) . So

[[6(t5)(s,u,,Qu(s))ds + [, H (t S)h(s,u,)ds +t[ k(s,u(s))ds
_ B
+ Ft(ﬂt+1) (@a=h(0,¢)) +(t—t2)%g(u(§)), te(0,1), on  the
o(t),

u(t) =

te[-7,0].

contrary, if (2.1) holds, it is easy to prove that u(t) is the solution of boundary value problem (1.1)
Lemma2.2 For all 77, € (0,1) and @’ <7 < ®, then

(1) G(t,s) is continuous and 0 < G(t,s) < p,(s) for t,s€[0,1]; G(t,s) >

(n-a" ) p,(s) for te[n, o], s<[0,1];

(2) H(t,s)is continuous and 0 < H (t,S) < p,(S) for t,s €[0,1]; H(t,s)
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> (n-a" ) p,(s) for te[n, o], s <[0,1];

(1-s)"*
rp

(1_ s)a+,8—1

Where p,(S) = Fa+p)

P, (S) =

3. Main results

Supplement the definition of function ¢(t), let te[0,1], @(t)=0, then p € E . Making a
transformation u(t) = @(t) + z(t), then for any t €[0,1], it is easy to show that U, = ¢, +z, and the
integral equation (2) equivalent to the integral equation

[[6t9) (5.0, +2,Qus)ds + [ H(E NS, 0, +2,)ds

1 —t*)a- —t?
2(0) =+t [ k(s,2(9)ds + ¢ tr)iaﬁ +2§0’<"))+(t N L g(z(@)te(©), ©

0, t e[-7,0].

LetP, = {z cE,:2() >0t e[, min 200> (7 - )| 2 ||} ,
eln,w

where @ € (0,1), o’ < n<w . Obviously, P, cE, is a cone, which is for any
X,yeE, X<y ifandonly y—xeP, . Then (E,,<) is a semi-ordered Banach space. We define
operator T : P, — E as

[[6t9)f (5.0, +2,Qu(s)ds + [ H(t,S)N(s, 0, +2,)ds

Ta(t) = |+t k(s. 2(s))ds + & ‘t”r)& B2l Dga@ntc0n. ©

0, t e[-7,0].

Lemma 3.1 Assume that f, h satisfiesthe f € C([0,1]xC xR",R") ,

h e C([0,1]xC;,IR") conditions, then the operator T : P, — P, is completely continuous.

Lemma 3.2 (See[l]) Let E be a Banach space, and let P E be a cone in E .
Assume Q,,QQ, c P are two bounded open subsets of E with 0eQ cQicQ, , and

letT : PN (§_22 \Q),) — P be a completely continuous operator such that either
W ITz|Il z||, vze PNoQ; | Tz||2]| 2], VZ e PN OQ,;
@ ITz|X| z||,vze PNoQ; | Tz||<]| 2|, VZ € PN Q.

Then T has a fixed point in P (Q \Q).

For convenience, we denote

%= limsup sup M h? = limsup sup h(t,y) ,
||l//H‘31+V90+ te[0]] ” 4 ”Cl +v ||!1/Hc1—>0* te[0,1] ” 4 "Cl
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: k(t,v : v oo K(tv
k°:I|msupsupQ, g°:I|msup£, k, =Iliminf inf ( ).
vo0t  te0l]  V v—0* \' vo+o te[01]
Theorem 3.1 Suppose there are constants N;,N,,N;,N,,N,>0 , so that

fO<N,h°<N,,k°<N,, g’ <N,, k>N, areestablished. If p(8) =0,
Nl(1+q0) + N2
INa+p+1) T(B+)
a—h(0, )
g+l

+N;+N, <1, N =1

then there is a constantb >0, when <b, the boundary value problem (1.1) has at

least one positive solution.

Proof: Selection cone P, O<w<l, o’ '<np<w, then by Lemma3.l, T:P, > P is
completely continuous.

We can obtain ¢, =0, te[0,1] from ¢(0)=0,0[-7,0]. Due to f°< N, then there
exists a constant ;>0 such that f(t,y,V)<N,(|y |l +v) for weC/,veR" and
Iy llc, +v €[0,1,]. In the same way, because of h® <N, , then there exists a constantT, > 0 such
that h(t,y) <N, [l |l for te[0,1], weC/ and ||y, [0,r,] . Because of k® <N,, then
there exists a constant I, > Osuch that k(t,v) < N,v for t €[0,1] and ve[0,r,]. Dueto g° <N,,

then there exists a constant I, >0 such that g(v) < N,v for ve[0,r,].

For convenience, we denote

N,(1+0q,) N N,

n= N, +N,.
INa+p+1) T(f+)

Let

) I
r5:m|n{1+1q ,rz,rs,r4}, b=(1-y)K.

0

a-h(0,¢)

<b, for any
g+l

According to Lemma2.2, when 0 <

Q. ={zeP, 2]}, z€0Q,,
then || z ||= 1, , we can get that
o, +2lle. =11z lle, <l zI| = &,
Qz(s) = jo q(s, K)z(x)dx <, jo q(s, K)dx < q

for s €[0,1], s0 ¢, +z, +Qz(S) < 1y +qyr; < 1;. Then, we have

Published by Francis Academic Press, UK
-5-



Academic Journal of Mathematical Sciences

ISSN 2616-5805 Vol. 2, Issue 1: 1-6, DOI: 10.25236/AJMS.2021.020101

Tz ||= sup(j G(t,s) f (s, ¢S+zs,Qz(s))ds+j H (t,5)h(s, ¢, +2,)ds

te[0,1]
+tf k(s, Z(S))d5+r( )(a h(0, @) +(t - t) g9(z(£))
<tS€gFl>](f G(t, )Ny (@ +Z, llc, +0o Il Z[ds + Ny || z[[+N, || z ]

+[HEIN, o, +2, |, ds

1 1
<N @+ a1zl [ pu(s)ds+N, I z[| [ p,(s)ds+ N, Il |

N, 2]+ 200
I'(g+1)
:Muzw N e, izl N, gz )+ 2200
Fa+p+) " T(B+Y) F(5+1)
_ N (1+q0) + N2 3+N4)||Z||+a_h(0’¢)
F(a+,8+1) g+ 1) r(pg+1)
<yh+b=r,

So, forany ze P, (10Q, , we get || Tz ||<]| z|].
Because of k, > N, then there exists a constant Iy > I, such that K(t,v) >
Ngvfor t €[0,1] and ve[0,(n— )R] . Forany Q_={zeP, || z|<r},

2eQ, ,wehave || ||=r,;. Then

1Tz |l= sup(j G(t,s) f (s, ¢S+zs,Qz(s))ds+j H (t,s)h(s, ¢, +2,)ds

te[0,1]

+tf k(s z(s))ds + (/3 1)(a h(0,0)+(t—t) = 5 9(2(2))

1
> jok(s, 2(s))ds> N, || z||>T,,
hence, forany z € P, (10Q, , we get [| Tz [[X]] z ||

In summary, from Lemma3.2, T has at least one fixed point Z in Pwﬂ(S_ZrG\Qrs) ,

and0 < r; <|| Z||< 1, so the boundary value problem (1.1) has at least one positive solution.
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