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Abstract: A non-deterministic Langevin equation is obtained by introducing multiplicative and additive
Gaussian white noise in the Logistic model of tree growth, and an approximate Fokker-Planck equation
is derived through calculations by using the Liouville equation, Novikov’s theorem, and nonlinear
approximation. The equation is solved under steady-state conditions, and the impact of noise-related
parameters on the steady-state probability distribution function is systematically discussed. Obtained
results show that changing the multiplicative white noise intensity D and additive white noise intensity
O can lead to the change of peak height and peak position of steady-state probability distribution curve,
and have a drift effect on the probability density distribution. However, the change of the value of the
steady-state probability distribution curve and the direction of the peak position are different in the
process of increasing D and Q. The height of the peak becomes higher as multiplicative noise intensity
D increases, but the width of the peak becomes narrower and the position of the peak shifts to the left.
When additive noise intensity Q increases, the peak height decreases, but the width of the peak increases
and the position of the peak shifts to the right. In addition, when noise correlation strength 2>0, it is
found that there are no two peaks in the image, which does not conform to the regularity of tree growth,
so we only discuss the case of noise correlation strength A<0. With the increase of noise correlation
strength A, the peak height of steady-state probability distribution function shows a decreasing trend,
accompanied by the phenomenon of increasing peak width and right shift of peak position.
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1. Introduction

Forests are a vast natural resource for humanity, serving multiple functions and contributing
significant economic, social, and ecological benefits to human society. However, due to human activities
and natural factors, tree growth is subject to numerous constraints [, This makes it difficult for people
to accurately grasp the laws of forest growth. Scientists in various fields have attempted to use their
professional knowledge to change this situation. Thus, many articles have emerged documenting
outstanding research findings, among which the topic of noise and its correlation affecting nonlinear
systems has sparked extensive discussions [?l. The growth and change process of forest trees is actually
a complex nonlinear dynamic process.

Therefore, many researchers have considered the impact of noise and its correlation on the growth
process of forest trees. Chinese scholars such as Deng Hongbing et al. studied the growth model of single
red pine trees, confirming that the growth of forest trees, represented by the height of individual red pine
trees, is a complex nonlinear process [*l. Botany et al. explored the adverse effects of noise pollution on
plants, noting that leaves exposed to prolonged noise exposure increase the secretion of two compounds,
which reflect stress in the plant . Additionally, noise reduces hormone levels related to healthy growth
within plants; Zhou Xiaoting et al. investigated the noise reduction characteristics and influencing factors
of 10 garden tree species before and after leaf fall, indirectly reflecting the impact of noisy environments
on plant growth and morphology *l. Clint Francis et al. examined the persistent effects of noise pollution
on plant diversity in ecosystems, finding that human-generated noise pollution has a lasting impact on
plant diversity in ecosystems, even after noise is removed [¢. Fulinski considered the correlation state
between noises and found that in certain cases, there is a certain form of correlation between noises, and
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this correlation state has a significant impact on the state of nonlinear systems ["l. After these research
findings emerged, Wang Guowei et al. investigated the statistical properties of bi-stable systems and
collective populations under noise effects, using the Langevin equation to explore the statistical
properties of bi-stable systems, collective populations, and forest growth Logistic models driven by noise
81, Xu Dahai et al. investigated the impact of color-related noise on the Logistic growth model of trees,
revealing the mechanisms by which noise affects the growth process of trees °!. These studies have
confirmed that noise and its associated factors significantly influence the complex nonlinear dynamics
of tree growth. The effects are not only reflected in the trees’ reproductive capacity, growth rate, and
density but also in photosynthesis and respiration within the tree, as well as indirectly through changes
in animal behavior and adjustments in plant community structure. Therefore, under the simultaneous
influence of multiple factors, whether these conditions promote or inhibit tree growth requires specific
analysis [,

This paper is based on the nonlinear growth of trees. By using the tree growth Logistic model, a more
realistic one-dimensional Langmuir equation is derived. External and internal factors affecting tree
growth are introduced into the model as multiplicative and additive noise, respectively. The impact of
these two types of noise on tree growth is considered under different color correlation strengths and color
correlation times. Using linear approximation methods and the steepest descent method, we derive the
steady-state probability distribution function of the system. By observing changes in two noise intensities
and the color correlation strength and duration between noises, we explore under what external conditions
the growth needs of trees can be better met. We aim to study the growth of trees in such a complex
environment to provide more realistic theories for ecological afforestation. Based on this theory,
reasonable and effective planting plans can be established for ecological afforestation.

2. Models and methods

Logistic Equation is widely used in ecology, economics, demography and other fields to describe the
change of population size. At the same time, Logistic equation is also the most commonly used model to
simulate population dynamics in ecology.

2.1 Tree growth Logistic model

The growth of trees satisfies the equation as follows:

1 dx r
el PR 1
x dt g Ax &

Where 7 is the maximum growth rate of trees, 4 is the maximum growth parameter of trees, x is the
size of trees, #/4 and is the crowding effect coefficient. This is an ideal equation.

Through further literature review and group discussions, we found that we had overlooked the
influence of genetic factors on tree growth and the limited nutritional space for trees within a forest stand
(the existence of competition). The external environment, such as light, temperature, soil, and rainfall, is
complex and variable. As a result, the maximum growth rate will inevitably fluctuate with the
environment. The growth rate of trees will vary around the initial differential equation, then the initial
differential equation will be revised. The revised equation is as follows:

de 1o {x_%xzjg(t)w(z), )

Where & (t) and 77(t) are multiplicative and additive Gaussian white noise respectively, and they
have the following statistical properties:

(&) =) =o, €))

t—t'), )

t—t'), (5)
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Where D and Q are the intensity of multiplicative and additive Gaussian white noise respectively; A
is the correlation strength between the two noises, when —1< A4 <0, the two noises are negatively

correlated, when 0<A<1, the two noises are positively correlated; 7 is the correlation time between
cross-correlation white noise; ¢ and ¢’ are two different moments respectively.

The potential function of x in equation (2) is as follows:

__r 2 1 3
V(x)— 2x +3Ax. @)

It has an unstable state x, =0 and a steady-state x, = 4.

2.2 Steady-state probability distribution function

In order to obtain the evolution equation of the probability distribution function satisfying equation
(2), the substitution is made as the following:

r
f(x)zrx—gxz, ®)
gl)=r-2 ©

A
g =1L (10)

Then, the above Langevin equation (2) can be transformed into as the following:

L p)r g, () &2l an

dt
According to Liouville equation, we get:
oplx,t 0
90002 [1(e) g, ekl ol ) 12
To average the above formula together, and:
P(x,t)= <5(x(t)—x)>, (13)
The following can be obtained:
oP(xt) 0 el oy _
)2 Pt} (NS x) g (Kl (1)

According to Novikov’s theorem and unified white noise approximation, the approximate Fokker-
Planck equation satisfied by the probability distribution density function can be obtained through
calculation:

oP(x,t) 0 82

= _aA(x)P(x,z)-o- ax—zB(x)P(x,t), (15)

Where,

Alx)= r[x—xj]+D[x—xj][l—2jj+ﬂ@[l—2:} (16)
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2
B(x):D x—% +2/1@ x—% +0. (17)

Equation (15) is solved in the steady-state, and its steady-state probability distribution function can
be obtained by using the expressions of A(x) and B (x) .

P (x)= ]E/)exp( (i; ] (18)

Where, U(x)= j—dx is the generalized potential, N is the steady-state normalized

constant probability distribution, the value of N is determined by |~ +(§> P, (x)dx = 1. By substituting the

expression of f{x) and B(x) into formula (18), the influence of different parameters on the probability
distribution function can be analyzed.

3. Discussion and Results

Figure 1 shows the effect of different multiplicative white noise intensities D on the steady-state
probability distribution curves.As can be seen from Figure 1, when the intensity of fixed multiplicative
white noise is fixed, the curve variation of steady-state probability distribution function is divided into
four different stages. The steady-state probability distribution function decreases first, then goes through
a period of stability, then increases rapidly to reach a peak, and finally decreases quickly and tends to
equilibrium. This “fast-slow-fast-slow” pattern means that seeds need to cross a critical density (such as
the minimum resources required for germination).

Above results indicate that the intensity of multiplicative white noise may reduce seed survival rates.
Surviving seeds will first store resources, entering the first stable phase. After storing sufficient resources,
the seeds will begin to germinate and enter a rapid growth stage, with the sapling growth rate reaching
its maximum. Subsequently, the growth rate will gradually slow down, transitioning into the hardening
period, thus entering another lower stable phase, which aligns with the growth trend of trees.
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Figure 1 Effect of the multiplicative white noise intensity D on the steady-state probability distribution
curve (r=1, A=20, Q=1.53, 1=-0.94)

As D increases, the steady-state probability distribution function grows at a faster rate to a larger
value and approaches the first stationary phase. Moreover, the larger D is, the earlier this stationary phase
ends, followed by a rapid rise and reaching its peak. The height of the peak increases with D, but the
width narrows and the position shifts leftward. After the peak, the larger D results in a steeper decline,
ultimately stabilizing into another lower stationary phase.

Figure 1 shows that in the first stationary period, the trees experience a relatively slow growth process,
and the greater the multiplicative white noise intensity, the earlier the tree growth ends the slow growth
period. This means that the rapid growth period of trees is shortened and the growth rate of trees changes
faster.

Published by Francis Academic Press, UK
-36-



Academic Journal of Mathematical Sciences
ISSN 2616-5805 Vol. 6, Issue 2: 33-40, DOI: 10.25236/AJMS.2025.060205

20 2s 30 35

Figure 2 Effect of the additive white noise intensity Q on the steady-state probability distribution curve
(r=1, 4=20, D=0.19, 1=-0.94)

Figure 2 shows the effect of additive white noise Q on the steady-state probability distribution curve
at different intensities. As can be seen from Figure 2, when the intensity Q of additive noise is fixed, the
variation trend of steady-state probability distribution function curve is similar to that of multiplicative
noise, that is, the steady-state probability distribution function first decreases, then experiences a stable
period, then increases rapidly to reach a peak, and finally decreases quickly and tends to balance. This
means that the seeds of trees need to cross a certain critical density, thus the intensity of additive white
noise may lead to a decrease in seed survival rates. Those seeds that survive will first store resources, at
which point the seeds are in their first stable phase. After accumulating sufficient resources, the seeds
will begin to germinate and enter a rapid growth stage, during which the growth rate of saplings reaches
its peak. Subsequently, the growth rate of saplings gradually slows down, entering the hardening period,
ultimately reaching another relatively low stable state, consistent with the growth trend of trees.

As can be seen from Figure 2, when the intensity of multiplicative noise Q gradually increases, it
shows the opposite situation to that of the increase of multiplicative noise intensity D. In the initial stage,
the larger the value of Q, the smaller the initial value of the steady-state probability distribution curve,
and it increases to the first steady-state period at a slower rate, then increases to a peak at a slower rate.
The height of the peak decreases as Q increases, but the width of the peak increases with the increase of
0, and the position of the peak shifts to the right, and finally gradually decreases and tends to stabilize.
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Figure 3 Effect of the positive correlation noise intensity A on the steady-state probability distribution
curve(r=1, A=20, 0=1.53, D=0.19)

Compared Figures 1 and 2, one can find the differences between the steady-state probability
distribution curves when they reach their peaks. The height of the peak increases with the increase of D
in Figure 1, but the width of the peak becomes narrower and the position of the peak shifts to the left.
However, in Figure 2, the height of the peak of the steady-state probability distribution function decreases
as O increases, but the width of the peak becomes wider and the position of the peak shifts to the right.

Previous studies have shown that multiplicative noise and additive noise have significantly different
effects on tree growth. Although the two sources are different (multiplicative noise comes from the
internal fluctuations of the system, and additive noise reflects the disturbance of the external
environment), the change of the external environment will disturb the internal system through the
coupling action, leading to the correlation between the two types of noise. For example, precipitation
change(similar to additive noise), which mesas that when regional precipitation increases significantly,
although it promotes forest growth in the short term, it may reduce soil permeability in the long term,
causing the problem of root hypoxia (internal metabolism limitation, similar to multiplicative noise
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effect). However, in the actual observation, it was found that after the annual rainfall increased by 30%,
the initial growth rate of some tree species increased by 12%, but 5 years later, due to the lack of oxygen
in the root system, the biomass accumulation decreased by 8%. The interaction between exogenous
precipitation disturbance and endogenous metabolic limitation confirms the potential role of noise
correlation mechanism in ecological processes.
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Figure 4 Effect of the negative correlation noise intensity A on the steady-state probability distribution
curve(r=1, A=20, 0=1.53, D=0.19)

As can be seen from Figure 3, the last stage of tree growth is the hardening stage, which is another
lower stable state of tree growth. When the value of noise correlation strength is A>0, it can be found
from Figure 3 that there is no second steady state in its image, which does not conform to the stage of
tree growth. Therefore, our study does not consider this situation.

Figure 4 presents the characteristics of steady-state probability distribution with negative association
between multiplicative white noise and additive white noise. In general, under the condition of fixed
noise correlation strength, its distribution curve trend is similar to that in Figure 1 and Figure 2, but there
are also two significant differences. When the correlation strength approaches 0, Figure 3 shows that the
duration of the first stable period is significantly extended, and the peak of the probability distribution
shows an increasing trend, and its sharpness and value are significantly improved. These results show
that the system has higher state aggregation for weak correlation strength in the initial stage.

Further analysis of the influence on the steady-state probability distribution function shows that
before the value of the steady-state probability distribution function reaches its peak, the curve with the
minimum absolute value of the correlation strength(dark gray dotted line) is always located at the high
end of the distribution, while the curve with the large correlation strength (gray dotted line) is at the low
end. Once the peak of the steady-state probability density distribution function is formed, this trend will
be reversed. The curve with the minimum absolute value of correlation strength(dark gray dotted line) is
located at the low end of the distribution, while the curve with the larger correlation strength (gray dotted
line) is located at the high end.
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Figure 5 Effect of the maximum growth rate r on the steady-state probability distribution curve(A=-
0.94, A=20, 0=1.53, D=0.19)
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Figure 6 Effect of tree growth maximum parameter A on the steady-state probability profile(r=1,
A=0.94, 0=1.53, D=0.19)

In addition, when the value of the correlation strength between noise increases, the height of the peak
shows a decreasing trend, accompanied by the phenomenon that the peak width of the steady-state
probability distribution function increases and the peak position moves to the right. From an ecological
perspective, these results suggest that lower noise correlation strength is more likely to occur at a given
tree size before the maximum growth of the tree. With the increase of correlation strength, the peak height
of steady state probability distribution function becomes smaller, indicating that the probability of tree
size at the maximum growth is reduced. However, the peak position of the steady-state probability
distribution function moved to the right, indicating that increasing the correlation strength between noise
could promote the increase of the maximum value in the growth process of trees. These trends show that
the introduction of noise has a certain effect on tree growth, and this counterintuitive result confirms that
the noise correlation mechanism has a dual regulatory effect on ecosystem dynamics, which may inhibit
the stability of deterministic trajectory and produce new steady state characteristics through nonlinear
coupling.

Figure 5 shows the effect of the maximum growth rate of different trees on the steady-state probability
distribution curve, and Figure 6 shows the effect of the maximum parameter A4 for different tree growth
on the steady-state probability distribution curve. As can be seen from Figure 5 and Figure 6, the curves
of the two plots are the same, with four stages under the influence of multiplicative white noise and
additive white noise. The steady-state probability distribution function decreases, then experiences a
plateau, then increases rapidly, reaches a peak, and finally decreases quickly and tends to equilibrium. It
can be seen from Figure 5 that with the greater the maximum growth rate, the probability of the maximum
growth rate is the highest at this point, thus shortening the time required for the tree growth to enter the
hardening period. Figure 6 shows that with the increase of the maximum parameter 4, the time of seed
reserve resources increases, and the germination period is delayed.

4. Conclusions

By introducing multiplicative and additive Gaussian white noise into the growth Logistic model of
trees, using Liouville equation, Novikov’s theorem and nonlinear approximation, the approximate
Fokker-Planck equation of the system is obtained through calculation. The steady-state probability
distribution function is solved under the steady state condition, and the influence of relevant parameters
on the steady-state probability distribution function is analyzed.

Obtained results show that changing the multiplicative white noise intensity D and the additive white
noise intensity Q can lead to the change of the peak height of the steady-state probability distribution
curve and the movement of the peak position, showing a drift on the probability density distribution.
However, in the process of increasing D and Q, the height of the steady-state probability distribution
curve and the movement direction of the peak position are different. When the multiplicative white noise
intensity D increases, the height of the peak becomes higher, but the width of the peak rows the width
and the position of the peak shifts to the left. When the additive white noise intensity Q increases, the
height of the peak decreases, but the width becomes larger, and the position of the peak shifts to the right.
In addition, the peak height of steady-state probability distribution function shows a decreasing trend
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with the increase of noise correlation strength, accompanied by the phenomenon of peak width increasing
and peak position moving to the right.

In conclusion, tree growth can be promoted by controlling internal and external factors, such as
considering the influence of tree seed selection, environment and soil. In the actual production, the above
analysis can theoretically guide us to choose the forest species, climate environment and planting
conditions, as well as how to ensure that the forest growth has a faster and more lasting growth period,
and reach the maximum growth value faster.
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