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Abstract: Based on the precipitation data from 128 stations in Yunnan Province and the
drought-affected area data in the province from 1961 to 2021, an analytical model of drought duration,
drought intensity and drought-affected area rate was constructed using the principle of maximum
entropy and the 3-dimensional Copula function. The results show that the distribution functions of
drought duration, drought intensity and drought area rate can be well derived based on the maximum
entropy principle, and pass the K-S distribution test. The calculation results of drought characteristics
in Yunnan Province show that the mean values of drought duration, drought intensity and drought area
rate are 5.7 months, 3.1 and 0.12, respectively. Among the three Archimedean Copula, the calculation
results of Gumbel are relatively better, which is more suitable to be used in the construction of
distribution functions. The level of drought duration and drought intensity of 3 to 4 are the main
reasons for the drought area rate greater than 0.18.

Keywords: 3-dimensional Copula; Maximum entropy principle; drought duration,; drought severity,
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1. Introduction

Drought is a result of prolonged water scarcity, and the process of drought causation is relatively
slow compared to disasters caused by other meteorological hazards, e.g., heavy rainfall, floods, and
typhoons. Due to the complexity of drought [1-4], the description of drought as well as the
quantification of drought disaster impacts are difficult. China is a drought-prone country, and the
affected area due to drought accounts for nearly 50% of the affected area due to all meteorological
disasters every year [5]. Therefore, strengthening drought-related research can help us better
understand the causes and processes of drought, the impacts of drought on the ecosystem and
agricultural production, and ways to cope with drought.

The analysis of drought cannot be separated from the analysis of water supply characteristics, and
precipitation and runoff are the main sources of water for agriculture, because these quantities are
random variables, so the corresponding drought characteristics are also stochastic, and should be
described by using probabilistic models, and carrying out the statistical analysis of drought
characteristics is a typical example. For stochastic problems, the first problem to be solved is to find the
distribution function of the random variable. Drought duration, drought intensity, drought range are
common random variables in drought characterisation [6], and these variables are often not
independent, and practical calculations also show that there is a strong correlation between the
variables. For non-independent random variables with inconsistent distribution function types, it is
difficult to solve the joint distribution function of the variables. Copula function is an effective solution,
and more scholars have used Copula function to carry out multivariate statistical characterisation, e.g.,
Shiau [7] used a bivariate Copula function to establish a joint distribution function of drought duration
and drought intensity to analyse the drought frequency characteristics and return period characteristics
in southern Taiwan. Ping Liu et al [8] applied a two-dimensional Copula function to carry out the
probabilistic characterisation of extreme precipitation.Vergni L et al [9] discussed agricultural drought
in central Italy using a bivariate Copula function. Li Qian et al [10] applied Copula function for drought
disaster risk assessment in Beijing-Tianjin-Hebei region. Mirabbasi et al [11] applied two-dimensional
Copula function for meteorological drought analysis in northwestern Iran.

At present, the application of Copula function is mostly focused on the analysis of two-variable
problems, and there are relatively few three-dimensional Copula application analyses.
Three-dimensional Copula related to drought analysis are: Hao et al [12] used Copula to construct a
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drought frequency analysis model of drought duration, drought intensity and drought kurtosis, and
analysed the spatial characteristics of drought risk in southwest China. Wang Ying et al [13] used 3D
Copula function to establish the joint distribution function of multi-tributary runoff, and simulated and
predicted the annual maximum flow of the mainstem using the joint Monte Carlo method. The small
number of 3D Copula studies is more related to the lack of sample size, especially when it comes to the
analysis of disaster characteristics, the lack of sample size is especially obvious. The article of Hou et al
[14] discusses the application of the 3D Copula method in the analysis of disaster early warning on the
county scale, and obtains a better application effect, but there is still the problem of the small sample
size in this analysis. Considering the relative completeness of data on a provincial scale, this paper
attempts to carry out drought disaster characterisation based on 3D Copula function on a provincial
scale based on the study of Hou et al.

2. Data

The data used in this paper consist of two parts: 1) month-by-month precipitation data from 128
stations in Yunnan Province from 1961-2021 provided by the China Meteorological Administration;
and 2) year-by-year data on the total sown area of crops and the area affected by drought in Yunnan
Province from 1961-2021 downloaded from the National Bureau of Statistics. Figure 1 shows the
average annual precipitation and the spatial distribution of the 128 stations in Yunnan Province.
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Figure 1: The spatial distribution of the annual average precipitation and meteorological site

As can be seen from Fig. 1, the precipitation in the southern region of Yunnan Province is greater
than that in the northern region, with annual precipitation of up to 1600 mm in some areas and less than
1000 mm in some areas in the north.

3. Methodology
3.1 Characterisation of exposure rates and drought characteristics

3.1.1 Rate of drought-affected areas

The crop rate of drought-affected areas is a disaster index, which is used to express the magnitude
of drought impacts. It is calculated with reference to the National Standard of the People's Republic of
China: Drought Hazard Levels, and is expressed mathematically as follows.

1 =ﬁx100%
A

P Q)

A
Where Ad denotes the area of drought-affected crops and 7 denotes the total sown area of
Crops.

3.1.2 Drought characteristics

In this study, SPI developed by McKee [15] and widely used will be used as an indicator for
drought description. SPI has different time scales such as 1 month, 3 months, 6 months, 12 months, etc.,
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and the indicators of different scales are often used in different drought problem analyses, and the SPI
with 3 months time scale is often used in the analysis of agricultural drought. The drought analysis in
this paper belongs to the agricultural drought problem, so the SPI indicator with a time scale of 3
months is selected. In addition, in order to be consistent with the spatial scale of the drought area rate,
the SPI indicator of each station is calculated first, and then the provincial average SPI is calculated
from the stations included in each province. Using SPI equal to 0 as the threshold for drought event
identification, the number of months in each year with SPI below 0 was identified and the value was
used as the drought duration. The cumulative value of SPI below 0 was used as the drought intensity
magnitude for the year. The calculation formula is as follows.

S=-> SPI,
f @)

Thus, a drought duration and drought intensity can be obtained for each year.
3.2 Derive distribution function based on maximum entropy principle

Usually, when the distribution type of a random variable is unknown, it is often necessary to
compare multiple distribution functions and select the best-fitting one as the distribution function of the
variable, and this kind of comparative analysis requires a large amount of computation. In this paper,
the distribution function of each variable will be derived based on the principle of maximum entropy,
which has been shown to have excellent application in many articles. According to the maximum
entropy principle and Shannon's entropy formula, the probability density function can be derived using
the Lagrange multiplier method as [16, 17]

3

The distribution function is the

“)
3.3 Copula function

The Copula function is an efficient way to construct the joint distribution function of different
random variables using their marginal distribution functions, and the random variables can be
non-independent. According to Sklar's theory [18], the joint distribution can be decomposed into the

F(x),F(x,),...F(x
marginal distribution function ( ! )’ ( 2 ) e ( ") and a Copula function. The mathematical
expression is as follows

F(xl,xl,...,xn)=C(F(xl)aF(x2)=""F(xn)) 5)

In this paper, Archimedean Copula functions are also used and Table 1 shows the commonly used
3D Archimedean Copula functions [19, 20].

Table 1: Archimedes Copula function

Name Copula function C(p1,v, @)
Clayton (/u’g +v i+l - 2)7%
1 76‘11_1 719\/_ 1 79w_ 1
Frank ——In[1+ G )(e_g z(e )]
(e -1
Gumbel-Hougaard | exp{-[(~In &)’ + (~Inv)’ + (-In w)"]""}

Note: #>Y>? in the table indicates the distribution function of the variable, 0 s the Copula

function parameter.
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In this paper, the maximum likelihood estimation method is used to solve the parameter 0 in the
Copula function, while the root mean square error is used to select the three types of Copula function.
The calculations are as follows

n

RMSE:\/lz(Pe,. ~PY)

n o (6)

where Pe, is the empirical probability value derived directly from the sample, and £ is the
theoretical probability value under different Copula function types.

3.4 Joint distribution

From the marginal distribution function of drought duration £ (d), drought intensity Fy (S)

and rate of drought-affected areas £ (l) , and the Copula function, the joint distribution function can
be obtained as follows
F(d,s,i)=P(D<d,S<s,1<i)=C[F,(d).Fs(s).F,(i)] o
The joint distribution is the probability of occurrence of a drought event where the drought duration,
drought intensity and rate of drought-affected areas are all less than or equal to a given value.

4. Results and analyses
4.1 Drought characterisation and Copula modelling

The average value of the SPI indicator in Yunnan Province was derived from the SPI series of each
site, and the drought duration and drought intensity of each year were identified with the threshold
value of SPI equal to 0. At the same time, the rate of drought-affected area was calculated with the
agricultural data released by the National Bureau of Statistics, and the results of the calculation for
Yunnan Province are shown in Fig. 2.
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Figure 2: The time sequence of drought duration, drought severity and drought area ratio in Yunnan
Province

Due to some missing disaster data, the drought-affected area rate from 1961-1977 is missing in
Figure 2, and most provinces have drought-affected area data from 1978. As can be seen in Figure 2,
there is some correlation between the variables, and the Pearson correlation coefficient calculation
shows that the correlation coefficient between drought duration and drought intensity in Yunnan
Province is 0.82, the correlation coefficient between drought duration and the rate of drought-affected
area is 0.42, and the correlation coefficient between drought intensity and the rate of drought-affected
area is 0.51, and all of them pass the test of a significance level of 0.05. The average drought duration
was 5.7 months, the average drought intensity was 3.1, and the average drought area ratio was 0.12.

In the establishment process of Copula analysis model, the distribution function of each random
variable should be given firstly, and the distribution function of each variable is derived by the
principle of maximum entropy, and the result is shown in Fig. 3.
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Figure 3: The comparative analysis of fitting (a) drought duration, (b) drought intensity, (C) rate of
drought-affected areas

As can be seen in Figure 3, the distribution function derived based on the principle of maximum
entropy fits the empirical distribution well, indicating an excellent fit, and the distribution test indicates
that the three variables passed the K-S distribution test with a significant level of 0.05.

Based on the theoretical distribution function of each variable, and the Copula function types in

Table 1, the maximum likelihood estimation method was used to calculate the € value of each
Copula function type, and the root mean square error between the distribution function values obtained
based on the Copula function and the empirical distribution function values was found, and the results
are shown in Figure 4.
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Figure 4: The selection of the Copula function in Yunnan Province

Figure 4 shows the calculation results for Yunnan Province, and the scatter indicates the comparison
between the probabilities obtained using different Copula functions and the empirical probabilities, and
the closer to the diagonal line indicates the more consistent the theoretical and empirical calculations
are. From the position of the scatter points, it can be seen that there is not much difference between the
results of the three types of Copula calculations, and all of them are near the diagonal line. The
calculation of the root mean square error shows that the error of Gumbel is the smallest and the results
are relatively better, and all the subsequent models will be analyzed based on the calculation results of
Gumbel.

4.2 Joint probabilistic character analysis
Copula based on Gumbel type was calculated out of the distribution function in three dimensions,

and Figure 5 shows the distribution function under three different drought area rates in Yunnan
Province.

Published by Francis Academic Press, UK
-56-



Academic Journal of Mathematical Sciences

ISSN 2616-5805 Vol. 5, Issue 3: 52-59, DOI: 10.25236/AJMS.2024.050308

bability

Figure 5: The joint distribution function

According to the national standard "drought disaster level", the drought area rate is divided into 10
per cent, 30 per cent and 50 per cent of the critical values of level 1, 2 and 3, and the surfaces from low

o o
to high in Fig. 5 represent the distribution functions F (d,s, 10 A)) , F(d,s,30 A)) and
o)

F (d’ 5,50 A)) , respectively. From Figure 5, it can be seen that the probability of the drought area rate
of Yunnan Province being lower than 30% is close to 1, while the probability of the drought area rate
being lower than 10% is lower than 0.4. Taking the drought duration of 5, 7 and 9 months as the
dividing line, and based on the same probability of dividing the drought intensity and the rate of
drought-affected areas, four levels are obtained, as shown in Table 2 below.

Table 2: The classification of drought

Level | Drought duration | Drought intensity Rate of drought-affected areas, | Probability
1 D<5 S <241 1<0.09 0.41
2 5<D<7 2.41<5<4.05 0.09<7<0.18 0.24
3 7<D<9 4.05<5<6.01 0.18<7<0.27 0.20
4 9<D 6.01<S 0.27 <1 0.15

(a) (b)

(c) (d)

1'710,)3. 3 L&
‘”yjevp] 4 S

(@)1 =0.09 )0.09<1<0.18 (,)0.18 <1 <0.27 (7027 <1

Figure 6: The probability of different drought type
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From Table 2, we can see that the proportion of drought events corresponding to level 1 is 0.41,
level 2 is about 0.24, level 3 is about 0.2, and level 4 is about 0.15. Fixing the level of the rate of
drought-affected, the magnitude of the probability of the drought duration and drought intensity under
different levels can be found, and the results are shown in Figure 6.

As can be seen from Figure 6(a), the main cause of the rate of drought-affected of less than 0.09 is
drought with a drought duration and drought intensity level of 1. From Figure 6(b), it can be seen that
the main causes of the rate of drought-affected between 0.09 and 0.18 are droughts with a drought
duration and drought intensity level of 1-3. From Figure 6(c) (d), it can be seen that the main cause of
the rate of drought-affected greater than 0.18 is caused by droughts with drought duration and drought
intensity level of 3 to 4. Therefore, from the historical data, when the drought duration is greater than 7
months, it is very easy to have a drought with a large affected area.

5. Conclusions

In this paper, the SPI on a 3-month time scale is used as a descriptive indicator of agricultural
drought, from which the annual drought duration and drought intensity are separated, and the rate of
drought-affected is calculated with the provincial agricultural data published by the National Bureau of
Statistics, which is used as an assessment indicator of the impact on agriculture. Then an analytical
model of drought duration, drought intensity and the rate of drought-affected was established by using
the three-dimensional Copula function, based on which the characteristics of drought in Yunnan
Province were analysed. The results show that there is a strong positive correlation between the three
variables, and the mean values of drought duration, drought intensity and the rate of drought-affected
are 5.7 months, 3.1 and 0.12, respectively. The distribution function based on the principle of maximum
entropy can fit the empirical distribution of the three variables very well, and all of them pass the K-S
distribution test.

In this paper, the SPI on a 3-month time scale is used as a descriptive indicator of agricultural
drought, from which the annual drought duration and drought intensity are separated, and the rate of
drought-affected is calculated with the provincial agricultural data published by the National Bureau of
Statistics, which is used as an assessment indicator of the impact on agriculture. Then an analytical
model of drought duration, drought intensity and the rate of drought-affected was established by using
the three-dimensional Copula function, based on which the characteristics of drought in Yunnan
Province were analysed. The results show that there is a strong positive correlation between the three
variables, and the mean values of drought duration, drought intensity and the rate of drought-affected
are 5.7 months, 3.1 and 0.12, respectively. The distribution function based on the principle of maximum
entropy can fit the empirical distribution of the three variables very well, and all of them pass the K-S
distribution test. Comparative analyses of Copula function types showed that the three Copula function
types yielded similar computational results, and RMSE analyses showed that Gumbel was slightly
more effective than the other two types. Nearly 60% of the droughts were events with a drought area
rate of less than 0.18, and the drought duration and drought intensity level of 3 to 4 were the main
reasons for the damage rate of more than 0.18.
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