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ABSTRACT. The interval is viewed as basic knowledge granule and used to define
the lower and upper approximations. This model is applied to interval-valued
ordered decision information systems, and used to induce useful “at least and at
most” decision rules. 1o obtain optimal decision rules, the concept of relative
reducts of an interval is proposed, and the corresponding discernibility function is
constructed for computing the relative ruduct.
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1. Introduction

Because of limited discriminatory power of the criteria and hesitation of the
decision maker, dominance principle is often violated for some objects [1]. In this
case, Pawlak rough set model [2], which concerns the discernibility between objects,
can not cope with the inconsistency in an ODIS. So Greco et al[3] proposed the
dominance-based rough set approach (DRSA) to solve the inconsistency problem.
They also gave an algorithm for computing minimal decision rules[1]. For the
attribute reduction problem in the ODIS, Susmaga et al[4] proposed reducts
preserving an information measure called a quality of sorting. Inuiguchi, Yoshioka
and Kusunoki [S] proposed several kinds of reducts and clarified relations among
the proposed reducts and previous ones. Moreover, the DRSA has been extended to

variable consistency dominance-based rough set approach[6], variable precision
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dominance-based rough set approach[7], and stochastic dominance-based rough set
approach [8]. The DRSA was also applied to decision rules acquisition and attribute
reduction for varieties of other ODISs, such as incomplete ODISs [9], interval
ODISs [10], and set-valued ODISs [11].

Both the DRSA and its extended models take the dominating classes and
dominated classes as basic knowledge granules. These models were successfully
used to extract “at least” or “at most” decision rules. To obtain “at least and at most”
decision rule, Guan et al[12] take “interval”, an intersection of the dominating class
of one object and the dominated class of another object, as a basic knowledge

granule, and use intervals to define the lower and upper approximations.

In this paper, we will apply the “interval” to the interval-valued ordered decision
information system (IVODIS). In Section 2, some notations and basic concepts for
the ODIS and the original DRSA are introduced. Also, we briefly introduce the
I-DRSA. In section 3, we apply the I-DRSA to the IVODIS. We discuss relative
reducts and optimize “at least and at most” decision rules acqusition for based on

interval knowledge granules. Finally, we conclude our work in Section 4.

2. The original dominance-based rough set approach

2.1 The ordered decision information system (ODIS)

An information system is a quadruple S=(U,AT,V, f), where U is called
the universe of discourse; AT is a finite set of attributes; V =U,_,;V, with V,
being the domain of attribute a; f is an information function satisfying

f(x,a)eV,. Denote f(x,a)=a(x) for simplicity.

In general, if the attributes contained in an information system are classified into
the condition attributes(C ={c,,C,,-*+,C,})and decision attributes( D), then it is

called a decision information system (DIS). In this case, AT =CuUD and
CND=. Without loss of generality, assume that D ={d}. The partition of U
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determined by d is denoted as {Cl,,Cl,,---,Cl }.

Definition 1[3] In a decision information system (DIS), if all the condition
attributes are criteria, then it is called an ordered decision information system (ODIS)
or an ordered decision table (ODT).

2.2 The original dominance-based rough set approach (DRSA)

In an ODIS, the domain of a criterion a€C is completely preordered by an

outranking relation >,. For X,yeU,if X is atleast as good as Yy with respect

to criterion a, then it is denoted as X,y or Yy<, 6 X. For BcC, denote

dominance relation as follows:
R; ={(x,y) eU xU | x>, y,VbeB} ,

Rs ={(x,y)eU xU|x<, y,vbeB}
Denote  [xJ; ={y eU|(y.x) eRs}, [xl; ={y <U|(y,x) eR:},

then [x]; and [X]; are called dominating class and dominated class of X.

Definition 2[3] Inan ODIS S=(U,Cu{d},V,f),for XcU and BcC,
let

R: (X)={X| xeU,[X]; € X}, Rs(X)={x| xeU,[XI; "X =2},

R;(X) and R_g(X) are called the lower and the upperapproximation

approximation of X .

2.3 Interval Knowledge Granules for DRSA(I-DRSA)
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For extracting the “at least and at most” decision rules with the decision part
s<d<t, where S,teV,, we proposed a new type of knowledge granules, called

“interval”[12].

Definition 3[12] In an ODIS S=U,Cu{d}V,f), for BcC and

(X;,%) €Rg, denote [x,X;]s=[x]5 m[Xj]éz{y| yeU, x <p y<g X} .We call
[%,X;]g an interval determined by (Xj,xi)eRé. For (xj,xi)eRZ, let

[Xilxj]B=®'

Taking intervals as basic knowledge granules, we can define the lower and upper

approximations of X — U as follows.

Definition 4[12] In an ODIS S=U,Cu{d}V,f), for X<cU and
BcC, let

R_Ilg(x) :{(lexi)| (Xj'xi) €Rg, [Xi’Xj]B c X},
Ré(x)={(xj’xi)| (X, %) € Rs [X.%]s "X =T},
We cal R} (X)and R_é( X) the Interval-lower and Interval-upper approximation

of X.

Using the I-lower approximations of CI{, from (x;,%)eR5 (Cl}), we can

inducing the certain “at least and at most” decision rules as follows:

if xe[x,X;]s, then x e Cl; .Or if Moes (B(X%) <,b,<b(X;)) — (s <,d,<t).

3. Optimal decision rules acquisition in the IVODIS based on interval

knowledge granules
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3.1 I-DRSA established in the IVODIS

An ordered decision information system is called interval-valued ordered
decision information system(IVODIS), if V, is a set of interval-valued numbers.
We denote the interval number of X under the attribute a as follows:

f(x,a) =a(x) =[a(x™),a(x")] . The following Table 1 presents an IVODIS.

Table 1 An interval-valued ordered decision information system

U a e} c3 Cy Cs d
X [2,24] | [1.5,3] | [4.48] | [3,3.6] [6,7.2] 3
X [2.84] | [2.127] | [48,72] | [3.64.8] | [7.2,10.8] 2
X3 2.4 [12,1.8] | [4.872] | [243.6] | [4.8,6.0] 3
X4 [1.2,1.6] | [0.9,1.2] 2.4 [1.8,2.4] [3.6,4.8] 2
X5 [0.8,4] [2.1,3] [4.8,7.2] | [1.2,4.8] [2.43.6] 1
X6 [2,2.8] [1.5,3] [4.8,6.4] [1.2,6] [7.2,8.4] 3
X7 [2,2.4] 1.8 [3.2,8] [2.4,54] [6,7.2] 1
X3 [2.8,3.2] | [1.5,2.4] [4.8,8] [3.6,6] [7.2,10.8] 4
Definition 5 In an IVODIS, for B C and (Xj ,%) € R, denote

[Xi’xj]B =[xI5 mI:XJ':FB:{y| yeU, x" <5 y" < ij and Xi'vI <B y" B XjM}~

We call [%;,X;]z an interval determined by (X;,%)e€R;.

We will take intervals as basic knowledge granules to define the lower and upper

approximations of X cU

Definition 6 In an IVODIS S =(U,Cu{d},V,f),for XcU and BcC,

let

177

in the following .

Ry 00 =40 )| %) € Re. X x;Js < X3,
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R_ESsZ(X):{(Xj'Xi)‘(Xj’Xi)E R, D%, X;]ls " X =2}

We call R;"(X)and R;"(X) the I-lower and I-upper approximation of X

with respectto B.

Let

MRg™ (CL) =£0x,,%)[(%;, %) € RS (CLY), 1%, %,Js Z[X,,%,Js oY (x,,%,) € RS (CI)}-

Then V(x;,X) € MRS (CI;) generates a minimal interval decision rule with
s<d<t.

Example 1 In the IVODIS presented in the Table 1, we have
[)(1]2 ={x}, [Xz]é ={x%.}, [Xs]é ={%. %3 X}, [X4]§ =X % %50 X4, %70 X

[%]c ={x}.

[61e ={%}. Dol ={x3}. D6l =06} X1 ={x, %}, DG ={% %, %},

[Xs]é :{X3,X4},
%] =10}, 6T ={6}. D6 I =063 Do T =% 6} D6l ={¢. X4 %}

RS (CL) ={(%, %), (%4 X)), (X4 X, ), (%4 %), (%0, %), (% % ), (X %), (X X )1 (%6, %)}

MRZ™ (C13) ={(%4: %), (%, %)}

(X,,X,) generates a minimal DZ~ -decision rule with decision part 2<d <3:
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([1.2,1,6]<,c,<[2.8,4]) A ([0.9,1.2]<,C,,<[2.1,2.7]) A (2.4 <,¢,,<[4.8,7.2]) A ([1.8,2.4] <,C,,<[3.6,4.8])

A([3.6,4.8] <,c,,<[7.2,10.8]) > (2<,d,<3),

3.2 Retive reducts and optimal decison rules acqusition in IVODIS

To compute the optimal decision rules, we will firstly discuss the reducts of the

interval [x,X;] defined below.

Definition 7 For (x;,x)€R:(Cl;) and B C,if B is the miniman subset
satisfy d[x,X;]g =d[X,X;]c, then B is called a relative reduct of [x;,X;].

with respect to CI; .

B is a relative ruduct of [x,X]. if and only if
Aees(C(X) S€,<c(X;)) > (s<,d,<t) is an optimal decision rule of

Aeec (€(%) S5€,<c(X;)) > (s<,d,<t) .

Therefore, by the reducts of [X;,X;];, we can obtain all the optimal decision

rules supported by objects in [X;,X; ] . To compute reducts of [x;,X;]. , we firstly

give the judgment theorem.
Theorem 1 For (x;,%)eR; and BcC , d[x,x]=d[x,x]. <
a(y,)NB=D or a(x;,y)"B# for any y such that d(y)ed[x,x].,

where (X, y)={beC|b(x) 2b(y)}
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={b<C| b(x") <b(y")orb(x") <b(y")} and d(X)={f(x.d)|xeX} .

Proof. "=": Assume there exists yeU such that dy¢d[x,x;]., both
a(y,x)NB =@ and a(x;,y)NB= are satisfied. Then, VbeB ,
b(y)>b(x) as well as b(x;)>b(y) . So we have ye[x,X];. By the
conditional assumption we can obtain d(y)ed[X,X;]g =d[x,X;]., which is
contradictive to d(y)ed[x,X;]. . This indicates that a(y,x)NB=J or

a(X;,y)NB= forany y suchthat d(y)ed[x,X]..

"<": Assume that d[x;,X;]s #d[X,X;]c, then there exists at least one object
ked[x,x.]; suchthat k&d[x, X;].. From the conditional assumption we can
derive that a(y,x)NB=Q or a(X;,y)"B=J. Hence, there exists at least
one attribute beB such that bea(y,x) or bea(x;,y). So, ye[x], or

y [, I5 . This is contradictive to y €[X;, X;]5 . Therefore, d[x,x;1z =d[x,X;1

must hold.

Based on Theorem 1, we can construct a dominance discernibility function for
[, X;]c » which helps us compute the relative reducts of the interval [x;,X; ] .
Definition 8 For (X;,%) € R_?(CE) , let

A x 1) = A {lvaly. )lvIva(x, i}

d(y)ed[x.xjlc
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We call A5, ([X,X%]c) a dominance discernibility function of [X,X;]. with
respect to CI..

Based on the Definition 7, 8 and Theorem 1, we obtain the following Proposition

1 by the Boolean reasoning technique [13].

Proposition 1 For (x;,X)e RT(Cl)) and B< C, we have

B is a relative reduct of interval [X;,X;]; with respect to Cl! if and only if
AB s a prime implicant of A7, ([X,X;].) , where AB=A,_gb.

Example 2 (Continued from Example 1) For the IVODIS presented in the Table

1, we have (X, X,) € RE(CL) , and

A% %1e) = Ay o V@Y KTV [va (O, y)TH
=(c,ve,ve, ve)A(c,ve,) =(C, AC) V(C, AC)V(CAC)VE,.

So, the reducts of [X,,X,]. with respect to CI} are {c,C,}, {C,.C.},

{c,,c.}and {c,}, we obtain the optimal decision rules as follows:
([1.2,1,6]<,c,<[2.8,4]) A (2.4<,c,, <[4.8,7.2]) > (2<,d,<3),
([0.9,1.2]<,¢,,<[2.1,2.7])) A (2.4<,¢,,<[4.8,7.2]) > (2<,d,<3),
(2.4<,c,,<[4.8,7.2]) A([3.6,4.8]<c.,<[7.2,10.8]) > (2<,d,<3),

([1.8,2.4]<,c,,<[3.6,4.8]) - (2<,d,<3).
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4. Conclusions

We apply interval knowledge granules to interval-valued ordered decision
information systems for knowledge reduction and optimal decision rules acquisition.
By I-lower approximation, we can induce “at least and at most” decision rules. For
rules optimization and attribute reduction, the relative reducts of an interval is
proposed, and each reduct can induce an optimal decision rule supported by objects

in the interval.

5. Ackonwledgements

This research is support by the Shandong Moral Education Foundation
(2018-xd-029) and the Shandong Moral Education Foundation (2018-xd-031).

References

[1] S. Greco, B. Matarazzo, R. Slowinski(2002). Rough approximation by
dominance relation, International Journal of Intelligent Systems, no. 17, pp.153-171.
[2] Z. Pawlak, Rough sets(1982). International Journal of Computer and Information
Sciences, no. 11, pp. 341-356.

[3] S. Greco, B. Matarazzo, R. Slowinski, Rough sets theory for multicriteria
decision analysis, European Journal of Operational Research, no. 129, pp. 41-47.

[4] R. Susmaga, R. Slowinski, S. Greco, B. Matarazzo (2000). Generation of reducts
and rules in multi-attribute and multi-criteria classification, Control and Cybernetics,
vol.29, no. 4, pp. 969-988.

[5] Y. Kusunoki, M. Inuiguchi(2010). A unified approach to reducts in
dominance-based rough set approach, Soft Computing, vol.14, no. 5, pp.507-515.
[6] J. Btaszczynski, S. Greco, R. Stowinski, M. Szelag (2009). Monotonic variable
consistency rough set approaches, International Journal of Approximate Reasoning,
no. 50, pp. 979-999.

[71 M. Inuiguchi, Y. Yoshioka, Y. Kusunoki(2009). Variable-precision
dominance-based rough set approach and attribute reduction, International Journal
of Approximate Reasoning, vol.50, no. 8, pp.1199-1214.

[8] W. Kottowski, K. Dembczynski, S. Greco, R (2008). Stowinski, Stochastic

dominance-based rough set model for ordinal classification, Information Sciences,

Published by Francis Academic Press, UK

-117 -



International Journal of New Developments in Engineering and Society
ISSN 2522-3488 Vol. 3, Issue 2: 108-118, DOI: 10.25236/IJINDES.19215

1n0.178, pp. 4019-4037.

[91 M. W. Shao, W. X. Zhang (2005). Dominance relation and rules in an
incomplete ordered information system, International Journal of Intelligent Systems,
no. 20, pp.13-27.

[10] X. B. Yang, D. J. Yu, J. T. Yang, L. H. Wei (2009). Dominance-based rough
set approach to incomplete interval- valued information system, Data & Knowledge
Engineering 68, no.11, pp. 1331-1347.

[11] Y. H. Qian, C. Y. Dang, J. Y. Liang, D(2009). Tang, Set-valued ordered
information systems, Information Sciences, vol.179, pp.2809-2832.

[12] Y. Y. Guan, H. K. Wang, F. S. Xu(2013). interval decision rules acquisition in
ordered decision information systems, Chin J Control Dec, no. 29, pp.1611-1616.
[13] Z. Pawlak, A. Skowron(2007). Rough sets and Boolean reasoning, Information
Sciences, vol.177, pp.41-73.

Published by Francis Academic Press, UK
-118 -



